Abstract : The Frenkel-Kontorova model is a nonlinear lattice model to represent extremely complicated behaviors such as a dislocation in crystal and DNA structures. This model is given as the dynamical system composed of infinitely many bonded particles. Thus, a spatially restricted model is used in numerical simulations of this model. However, a phenomenon called a reflection wave, which will occur at the boundary due to this finite approximations, is known to considerably degrade computational precision in the simulation. This paper thus proposes a method to analyze a property of this reflection wave via the Generalized Kalman-Yakubovich-Popov (GKYP) lemma.
Introduction
Recently, in order to examine the phenomenon expressed with a differential equation, numerical simulations have been carried out bringing great results along with the improvement of computers. The range of applications has been expanding as the demand of dealing spatially massive models increases. It is, however, difficult to properly simulate these models on a uniform and microscopic scale within a realistic time since it needs considerable computational resources. In most cases, we need an accurate solution only for a certain (spatially restricted) range that should be suitably chosen according to the purpose. This implies the uniformly exact solution is not always needed for the whole range. Therefore, a lot of works have been carried out to properly simulate the model within a limited range [1] - [4] .
However, since spatially dynamical models are generally represented as the neighbor state interactions, we need to pay attention to the behaviors of the models at the neighborhood of the boundary of the range for which we aim to get the solution. That is to say, we cannot calculate the behaviors of the models at the neighborhood of the boundary from the differential equation since we do not have any information out of the boundary. Then, a suitably designed boundary condition is commonly used to avoid this issue; see Section 2. Therefore, it is important to analyze the property of the boundary conditions that largely affect the numerical solutions.
In this paper, we focus on the numerical simulations of the Frenkel-Kontorova model (FK model) . This model is known as a versatile model used to represent a dislocation in crystal and DNA structures [5] . In the FK model simulation, a phenomenon called a reflection wave, which appears at the boundary due to the spatial restriction of the range, deteriorates the computational accuracy; see Section 2 for details. [2] , and then apply a control theoretic technique based on the Generalized Kalman-YakubovichPopov (GKYP) lemma to this problem. This paper is organized as follows. In Section 2, we mention the main property of the FK model and point out the problem that occurs in the numerical simulation of this model. We also explain the property of the reflection wave. Next, Section 3 proposes a method to analyze the strength of the reflection wave suppression corresponding to a given boundary condition. Then, through a numerical example, we confirm the effectiveness of this method and also verify the validity of the reflection wave suppression in Section 4. Finally, Section 5 concludes the results obtained in this paper and mentions a future work.
Notation
We will use the following standard notation: R set of real numbers C set of complex numbers N set of positive integers Z set of integers
Frenkel-Kontorova Model Simulation

Property of FK Model
In this section, we explain the main properties of the FK model [5] , [6] . The FK model is one of the nonlinear lattice models and is expressed as the dynamics of infinitely many bonded particles interacting with the neighborhood. This model is known to have various kinds of applications. Simple examples are the coupled pendulums and the dislocations in crystal on the atomic order. Furthermore the FK model is known to similarly express the DNA structures, which have the extremely complicated dynamics, under a certain assumption. Therefore, various other applications are expected in the future.
In the rest of this paper, we consider the following periodic potential function U : R → R for the FK model:
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where d, κ ∈ R are the period and the coefficient of the potential and int (χ) is the value of χ rounded to the nearest integer [1] - [3] ; see Fig. 1 . Then, the dynamics of the FK model are expressed as
where j ∈ Z, x j ∈ R is the absolute position of jth particle and g ∈ R is the coupling constant with the neighbor particles. It is known that the dynamics expressed by the FK model experience rapid changes of certain points, due to the periodicity of the potential, as well as linear vibrations. According to Fig. 1 , the gradients of the potential are discontinuous at x = ±d/2, ±3d/2, · · ·, so eq. (2) similarly has such a transitional solution. Furthermore, in regions distant from the discontinuous points, it can be seen that eq. (2) behaves like a linear vibration as follows: by transforming eq. (2) from the absolute position coordinates to the relative displacements from the equilibrium values using
we obtain
This is a linear differential equation. Therefore, eq. (2) behaves like the linear vibration in the regions,
Applying the Euler difference method to eq. (4), we obtain for t = nΔt
which yields the difference equation [7] 
Here, X n j denotes the approximation of X j (nΔt). Substituting the linear vibrational solution of X n j = e i(nωΔt+ jξ) into this equation yields the relation 2 Δt
where ω is the frequency and ξ = 2π/λ ∈ [−π, π] is the wave number for wavelength λ. Solving eq. (7) with respect to ω, we obtain
Boundary Condition and Reflection Wave
In this section, we explain the property of the reflection wave in the FK model simulation and the boundary condition design problem investigated in the existing result [1] , [2] . Due to page limitation, we explain the outline only; refer to the original literature for the detail.
In the practical point of view, we need to calculate the finite number of the values X n j for 0 ≤ j ≤ J, shown in Fig. 2 . In the rest of this section, in order to simplify the explanation, we consider the numerical values for a semi-infinite number of particles, i.e., j ≥ 0 and we assume that we cannot get the values of any X n j for j < 0. In other words, there are no neighbor particles at j = 0 and we cannot execute eq. (6) for j = 0, which we call boundary conditions. Therefore, we need to suitably determine the boundary values by using the behaviors of particles inside the region in question.
A simple remedy for this is to replace X n 0 by constant, which is called a fixed end boundary condition. In this case, as illustrated in Fig. 3 , the fixed end boundary condition causes the reflection wave that degrades computational precision of simulation in the neighborhood of the boundary. This effect gradually broadens to the behaviors of surrounding particles as time passes and eventually the behaviors of all particles are affected. Furthermore, if we narrow the range of particles to be simulated, the numerical error will be larger. Now, let us consider a more general boundary condition by replacing X n 0 in eq. (6) with
i.e., the linear summation of the previous time values, where k 0 and j 0 represent the number of the values in terms of time and the position, a 0,0 = 0 and the normalized condition
holds. In general, this boundary condition even causes the reflection wave. However, by choosing a suitable parameter set
, we can suppress the reflection wave mentioned above. To see this, when giving the boundary condition, let us consider, without loss of generality, the vibrational solution of the type including the effect of the reflection wave
where the second term in the right-hand side represents the reflection wave and R (ξ) ∈ C represents the reflection coefficient 1 of wave number ξ. Therefore, the magnitude of |R (ξ)| represents a ratio of the amplitude of a reflection wave of the wave number ξ to that of an incident wave. Then, we substitute a vibrational solution (11) into the boundary condition (9), to obtain
where ω (ξ) is given in eq. (8) . In summary, the reflection wave can be suppressed if we properly determine a k, j to suppress |R (ξ)|. (The validity of the reflection wave suppression, investigated in the existing result [1] , [2] , is checked through a numerical example; see section 4.)
Proposed Method to Analyze the Reflection Wave
Problem Formulation
It should be emphasized that we cannot suppress |R (ξ)| for all ξ ∈ [−π, π] due to the fact |R (0)| = |R (±π)| = 1 from eq. (12) independently of a k, j . That is to say, e.g., |R (π)| = 1 represents that the reflection wave of the wave number ξ = π cannot be suppressed by any choice of a k, j 2 . Accordingly, the reflection wave should be suppressed within the reasonable wave number range, to improve the computational precision in the FK model simulation. Therefore, we need to be able to analyze |R (ξ)| for given a k, j within an arbitrary finite wave number range systematically.
Problem Suppose coefficients a k, j ∈ R (k 0 +1)×( j 0 +1) , prescribed level 0 > 0, wave number range ξ 0 , ξ 1 ⊆ [−π, π] and time step size Δt are given. Define R (ξ) by eq. (12) with ω (ξ) in eq. (8) . Determine whether R (ξ) satisfies |R (ξ)| < 0 for all ξ ∈ ξ 0 , ξ 1 .
Proposed Method
In this section, we describe a method to analyze the property of the boundary condition corresponding to certain a k, j by numerical analysis. It is difficult to analyze |R (ξ)| directly due to the nonlinearity of ω (ξ) in eq. (8) . Therefore, in order to avoid the nonlinearity, we consider to approximate ω (ξ) bỹ
for ξ ∈ [0, π] in eq. (8) using p = p 1 /p 2 ,where p 1 , p 2 ∈ N are relatively prime, and q ∈ R. (In a similar way, we can consider approximating it byω (ξ) := −pξ + q for ξ ∈ [−π, 0].) 1 According to the papers [1] , [2] , we use the definition of the reflection coefficient. This is different from the usual definition, the ratio of the traveling waves [8] . However, this difference does not affect the subsequent discussion considerably. 2 Note that R ξ = 1 represents less-attenuation reflection of the wave of the wave number ξ, i.e., the amplitude of an incident wave is equal to that of a reflection wave.
We can expect that this approximation is valid because ω (ξ) increases monotonically and almost linearly with ξ ∈ [0, π] if Δt is small enough 3 ; see Fig. 4 , in which ω (ξ) andω (ξ) = pξ +q are drawn by solid and broken line, respectively 4 . In fact, some upper bounds of the approximation error can be analytically estimated; see Appendix C for detail. By this approximation, R (ξ) becomes
In addition, we suppose Δt is selected as Δt = 1/ (αp 1 p 2 ), where α ∈ N. Changing variables with z = e iξ/N , we can expressR (ξ) as a rational function of z ∈ C
where N = αp 
and Hermitian matrices Φ = Φ
Θ := C 0 0 1
Then, K (z) defined in eq. (15) satisfies K e iξ/N < 0 for all ξ ∈ ξ 0 , ξ 1 if and only if there exist Hermitian matrices P = P * , Q = Q * ∈ C (N j 0 +k 0 )×(N j 0 +k 0 ) satisfying Q > 0 and Proof: From the definition, K (z) = K (z)·z −(N j 0 +k 0 ) and consequently |K (z)| = |K (z)| on the unit circle. Therefore, it suffices to show
or equivalently eq. (A. 2) with Θ defined in eq. (20). Besides, the arc
can be expressed as
Thus, according to Definition 1 in Appendix A, Λ = Λ can be defined by taking Φ and Ψ defined in eq. (19). Hence, applying condition (ii), the result is obtained. Consequently, this method enables us to analyze how the property of the boundary condition corresponds to certain a k, j by solving LMIs [9] .
Numerical Example
In this section, we show the effectiveness of the proposed method and also verify the relevance of the approximation (13) through a numerical example. Furthermore, we check the error in FK model simulation becomes smaller if we give the boundary condition determined to suppress the reflection wave.
In this example, we use the coefficients 5 Note that the free or fixed end boundary condition brings on less-attenuation reflection of the wave of all wave numbers, i.e., the amplitude of an incident wave is equal to that of a reflection wave. That is to say, |R (ξ)| = 1 for all ξ ∈ [−π, π]. From this example, we can expect that Theorem 1 is useful to evaluate not only K e iξ/N but also |R (ξ)| almost without the conservativeness. Next, using the boundary condition analyzed in the above example, we check the validity of the reflection wave suppression, investigated in existing result [1] , [2] . Figure 6 shows a snapshot at a certain time in the FK model simulation, where the horizontal axis represents the indices of the particles and the vertical axis represents the absolute positions of the particles 6 . It shows simulation results as follows:
• Suppressed reflection data (• solid line): This is obtained by giving the boundary condition analyzed above at 230th particle. This boundary condition suppresses some reflection wave.
• Free end data (× broken line): This is obtained by giving the free end boundary condition at 230th particle, i.e., the particle at the boundary behaves as if no particles are there in outside of the boundary. This boundary condition brings on the less-attenuation reflection and corresponds to the setting of the coefficients a 1,0 = 2 − 2Δt 2 g − Δt 2 κ, a 1,1 = Δt 2 g and a 2,0 = −1.
• Desired data (• chain line): This is obtained by giving the free end boundary condition at 500th particle. Since the boundary is sufficiently far from the region of interest, this can be regarded as the desired data that is free from the effect of the truncation.
In all cases we tried, the free end boundary conditions are given at 0th particle, which is also sufficiently far from the region of interest, as the boundary condition in the left hand side. According to Fig. 6 , we can verify that Free end data does not conform to Desired data at the neighborhood of the boundary. The reason is that the vibration is amplified at the boundary due to the free-end reflection caused by the free end boundary condition. On the contrary, Suppressed reflection data almost conforms. It indicates that the numerical error becomes lower in Suppressed reflection data by suppressing the reflection wave.
Although we show here only a single example, this tendency was actually observed in the snapshot at the other time instances, and also in different parameter settings, e.g., d, κ, g. From these examples, it can be checked that suppressing reflection wave improves the computational precision in the FK model simulation. In addition, these numerical examples also imply the importance of analyzing the property of the reflection wave for the given boundary condition.
Conclusion
In this paper, we proposed a method of analyzing reflection waves in the FK model simulation via the GKYP lemma. This result enables us to determine if, given the boundary condition and the wave number range, the reflection wave amplitude is suppressed under the prescribed level, with a minor approximation. We also verified the validity of the approximation through the numerical examples. In our method, the problem of the analysis of the boundary condition is converted to LMIs, which can be efficiently solved by numerical computations. Extending this idea, we can expect to convert design problems of the boundary condition also to LMIs, which would be an efficient design procedure for the aforementioned problem. Therefore, our future work is to devise a method to design the boundary condition using LMIs [10] . 
